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Finite element simulations of contact problems often involve modeling the interaction of 
multiple bodies across a non-confirming interface. Non-Confirming Meshes (NCM) are 
typically associated with large sliding or adaptive refinement on one side of the interface 
to capture localized nonlinear behavior due to large deformations, damage and 
inelasticity. The use of NCMs, however, presents a number of numerical issues; the main 
challenge with such discretizations is to ensure compatibility of the kinematic and 
traction fields along the non-conforming interface.  
The Enriched Discontinuous Galerkin Approach (EDGA) (Haikal and 
Hjelmstad,2010)addresses this challenge by implementing a local enrichment along with 
an interface stabilization procedure, based on the Discontinuous Galerkin formulation, to 
enable a two-pass approach in enforcing contact conditions that preserves the weak 
continuity of surface tractions without introducing dual interface fields.  
In this study, the Enriched Discontinuous Galerkin Approach (EDGA) is extended to 
model contact in the presence of material and geometrical nonlinearities, as well as 
friction. The enrichment used in the EDGA introduces a higher-order interpolation on the 






the integration point locations to accommodate the higher-order interpolation we employ 
a progressive integration rule (Gauss-Kronrod quadrature) that preserves material history 
at existing integration points. A new approach for handling frictional conditions under 
large deformations is introduced. The proposed approach is designed to increase 
algorithmic efficiency and circumvent numerical issues encountered when modeling 






CHAPTER 1. INTRODUCTION 
1.1 Problem Statement 
With the advent of powerful computing, the Finite Element Method (FEM) has 
become a popular tool for simulating the behavior of many complex engineering systems 
with a high level of detail. Computational models for contact problems, in general, and 
frictional contact problems, in particular, are in high demand in structural engineering 
and many other fields, where the accurate modeling of the interaction between different 
components across interfaces is required to simulate the behavior of systems such as steel 
connections, bridge bearings, soil-structure interaction in piles or other foundations, 
among others.  
In modeling contact problems, if the bodies coming into contact are discretized 
using different finite element meshes, or in the presence of large sliding, the nodes from 
the first body will no longer coincide with those of the second body across the interface, 
therefore resulting in anon-conforming mesh (NCM). A NCM mesh, by definition, is a 
finite element discretization of a given domain where point-wise displacement continuity 
does not hold along a given interface separating two domains discretized with 
conforming meshes. NCM are created by large sliding or when different finite element 
mesh sizes are used to increase accuracy in capturing the behavior in each component 






problems where the two bodies are allowed to separate from each other, or bilateral 
ensuring full coupling regardless of loading/deformation conditions. The main challenge 
in both cases, however, is to ensure deformation compatibility and continuity of interface 
tractions in the absence of full displacement conformity along the interface. The 
difference between unilateral contact and bilateral coupling is that these conditions apply 
to the normal components of the kinematic and traction fields, only, in unilateral contact. 
As such, methods for unilateral contact and bilateral coupling have traditionally been 
used interchangeably. 
Previous studies used different techniques to resolve the challenge of enforcing 
interface conditions in NCMs, with varying levels of success, as will be discussed below. 
Additional complications arise in the presence of friction, as well as geometric and 
material nonlinearities. These complications have led to a number of numerical issues in 
the resolution of contact problems, including interface locking, loss of stability, 
incomplete interface pressure fields, among others (Sheng et al., 2006). 
Contact formulations are generally classified into primal and dual methods, based 
on the nature of the interface variables. Dual methods, including the popular mortar 
method (Puso and Laursen, 2004), use the tractions as an interface variable and employ a 
dual field of Lagrange multipliers to enforce weak geometric compatibility at the 
interface. The Lagrange multipliers at the nodes along one side of the interface, called 
“slave” are computed in terms of the interpolated field based on the other side of the 
interface, called “master.” Dual methods satisfy the continuity of interface tractions, 
typically reflected in the contact patch test, by design. The master/slave designation, 






choice of the Lagrange multiplier interpolation field is restricted by the Ladyzhenskaya-
Babuška-Brezzi (LBB) condition that governs the stability of dual finite element 
discretizations. 
In primal methods, the interface is represented by its displacement fields; 
therefore, these approaches are not subject to the LBB restrictions. Primal methods, 
however, are challenged by the task of enforcing both geometric compatibility and 
continuity of the tractions using a primal variable field. The fact that the discretization is 
pre-determined by NCM adds to this challenge. As a result, primal methods, including 
the popular Discontinuous Galerkin (DG) and Nitsche (Nitsche, 1971) approaches, often 
require a mesh-dependent stabilization parameter to ensure the convergence of the 
solution in the limit of mesh refinement. The properties of stability and convergence, 
however, can only be guaranteed for linear problems. An exception to this observation is 
the Enriched Discontinued Galerkin Approach (EDGA) formulation proposed by (Haikal 
and Hjelmstad, 2010) for linear elasticity. The EDGA employs a local enrichment to 
transform the node-to-surface contact constraints to node-to-node, thereby enabling a 
two-pass approach in the treatment of contact conditions. Another key feature of the 
formulation is its ability to enforce traction continuity across the interface.  
 The objective of this thesis is to propose a novel contact formulation for solving 
general contact problems with NCMs in the presence of material nonlinearity, including 
plasticity, in a large deformations setting, by developing an interface finite element model 
that ensures geometric compatibility and complete transfer of surface tractions between 
the domains of the contact problem. The proposed method is based on the Enriched 






(2010) for the case of linear elasticity. We extend the EDGA to the case of plasticity using 
the Von Mises and Drucker-Prager yield criteria and address some of the issues pertaining 
to the integration of plastic internal variables. We also propose a new plasticity-inspired 
formulation for large-deformation frictional contact of hyperelastic bodies. 
This research has many critical applications in structural, mechanical, and 
biomedical engineering, such as soil-structure interaction, composite materials, tire-road 
interaction, and biomechanical systems such as joint replacements. The use of 
conventional finite element techniques without accurate consideration of the involved 
contact interactions may result in erroneous results leading to costly and immature failure 
in these systems. 
 
1.2 Scope of the Research 
The scope of this research includes the following main tasks: 
(a) Formulation of the coupled problem: this includes the formulation of the 
boundary value problem (equation of motion, large-deformation formulation, and 
constitutive models) and the contact treatment with and without friction. The 
Newton method is used to solve the nonlinear system of equations. 
(b) Application of the EDGA with and without sliding: the EDGA is a primal 
interface formulation based on two key procedures: a local enrichment of 
interface primal variables and stabilization of tractions along the interface. The 
enrichment is used to enforce geometric compatibility in an unbiased manner by 






stabilization procedure is based on the Discontinuous Galerkin (DG) method and 
is used to ensure a complete transfer of the tractions field across the interface.  
(c) Extension of the EDGA to the case of plasticity, using the Von Mises and 
Drucker-Prager material models. 
(d) Frictional contact: A new plasticity-inspired formulation for large-deformation  
frictional contact under hyperelasticity conditions is proposed. 
(e) Verification and numerical studies: the patch test is used to verify that the 
proposed formulation reflects a complete transfer of tractions and geometric 
compatibility at the interface, for frictional and frictionless contact cases. 
Additional numerical examples are used to demonstrate the effectiveness of the 
proposed formulation and compare the results with the literature. 
 
1.3 Contents 
This thesis consists of five chapters. Chapter 1 (Introduction) presents the 
problem statement and motivation behind the investigation and development of the 
proposed formulation. Chapter 2 (Literature Review) includes an extensive critical 
review of available modeling approaches for simulation of contact problems. The 
advantages and disadvantages of different methods are discussed. Chapter 3 (Finite 
Element Formulation) includes: (1) the formulation and implementation of the boundary 
value problem for both frictionless and frictional contact in the presence of large 
deformations and material nonlinearity, and (2) the formulation and implementation of 
the EDGA for bilateral and unilateral coupling (with and without sliding). Chapter 4 






deformation plasticity. Chapter 5 (Frictional Contact) discusses the implementation of 
frictional contact conditions and presents a new plasticity-inspired formulation for large-
deformation frictional contact of hyperelastic bodies. Chapter 6 (Numerical Results) 
presents numerical results that illustrate the effectiveness of the developed approach for 
both frictionless and frictional contact cases. Chapter 7 (Conclusions and Future Work) 







CHAPTER 2. LITERATURE REVIEW 
In this chapter, we conduct a thorough literature review to document and discuss 
previous research in the area of contact problems in general, and frictional contact 
problems in particular. We focus on relevant studies that discussed or utilized systematic 
techniques for modeling unilateral contact as well as bilateral coupling in non-
conforming meshes (NCM) problems, including those developed for particular 
applications, such as soil-structure interaction. The methodologies, conclusions, and 
recommendations of the previous works were considered in formulating the objectives, 
scope, and methodology of this thesis. 
 
2.1 Overview of Available Contact Formulations 
As mentioned in section 1.1, contact formulations can generally be grouped into 
two main categories: primal and dual methods. Dual methods use the traction field as an 
interface variable and they employ a field of Lagrange multipliers, based on the master 
side of the surface, to enforce geometric compatibility at the interface. These methods are 
therefore inherently biased and the choice of the Lagrange multiplier field and are subject 
to the LBB conditions. In primal methods, the interface is represented by its displacement 
fields. Therefore, primal methods are not subject to the LBB restrictions. These methods, 






continuity of the tractions using a primal variable field. The fact that the discretization is 
pre-determined by the NCM adds to the complexity of this challenge. 
The earliest and simplest contact formulation is the node-to-surface method that 
enforces the displacement continuity between a set of slave nodes at one side of the 
interface and their projections along the opposing master surface using a set of discrete 
Lagrange multipliers. This method is generally not capable of representing a state of 
constant pressure and therefore fails the well-known patch test (Papadopoulos and Taylor, 
1992). 
The primal interface element method was widely used in the literature. Zaman et 
al. (1984) developed a simple thin-layer element and used it in a finite element procedure 
for simulation of various modes of deformation in dynamic response. The isoparametric 
interface element is compatible with both domains, and has a simple constitutive law with 
constant values for both shear and normal stiffness. The authors believed that the 
proposed element could provide satisfactory and consistent formulation of interface 
behavior under dynamic loading. However, they stated that in view of the complexity of 
the problem and influence of a number of factors, such as geometry, type of loading, 
material properties, time integration, and mesh layouts, further investigations will be 
needed in order to delineate their effects on the dynamic response. Hird and Russell 
(1990) presented an analytical solution for the compression of a long elastic block, 
bonded along one side to a rigid material. Numerical results showed a good agreement 
with the analytical solution. Karadeniz (1999) introduced an interface 3-D beam element 
for the analysis of framed structures, which interact with an elastic medium. The 






represented by a two-parameter model of the Winkler model and Pasternak model 
(Pasternak, 1954). Luan and Wu (2004) proposed a nonlinear elasto-perfect plastic model 
for the interface element to simulate the behavior of Soil-Structure-Interaction (SSI) 
contact problems. The stress-strain relationship and nonlinear elasto-perfect plastic 
matrix of interface element were established based on elasto-plasticity theory. It was 
indicated that the proposed model can rationally simulate the stress-strain relationship of 
the interface element and will be practically applicable. Swamy et al. (2011) analyzed SSI 
problems adopting the finite element method, and the usage of link/interface elements 
between two elements of different materials. The study concluded that the presence or 
absence of interface elements affects the settlement, differential settlements and stresses 
in soil. Also, the interface element plays a crucial role in nonlinear analysis when 
constitutive relations of soil depend on the state and increment of stress and strain. 
Mahmood et al. (2008) adopted a finite element approach to model a SSI system that 
consists of reinforced concrete plane frame, soil deposit, and interface, which represents 
the frictional surface between foundation of the structure and subsoil. The authors 
concluded that the thin-layer interface element method could successfully simulate the 
effect of slip and separation in the dynamic analysis of soil-reinforced concrete frame 
interaction problems. This technique is able to take into account the nonlinearity of the 
material, but it is not applicable in case of large-deformation problems. 
The domain decomposition method for modeling coupled nonlinear problems is 
based on the solution of a boundary value problem consisting of two domains, a finite 
domain representing the structure and a semi-infinite domain representing the soil into 






the interface. The aim of solving the boundary value problem is to determine the 
displacements and stresses in both domains numerically or using the finite element 
method. The main advantage of this method is its capability to solve nonlinear boundary 
value problems with arbitrary geometry, boundary conditions and constitutive properties. 
Lai et al. (1991) presented an iterative process based upon a hybrid residual force method 
for solving elasto-plastic contact problems. In this approach the domains are treated as 
separate bodies and related only by compatibility of displacements and equilibrium of 
forces at the interface. This scheme leads to a significant improvement in numerical 
stability and rate of convergence over the conventional initial stress method. Yazdchi et 
al. (1999) presented a study on the transient response of an elastic structure embedded in 
a homogeneous, isotropic and linearly elastic half-plane. Transient dynamic and seismic 
forces were considered in the analysis. The numerical method employed was the coupled 
Finite-Element–Boundary-Element technique (FE–BE). Finite element method (FEM) 
was used for discretization of the near field and the boundary element method (BEM) 
was employed to model the semi-infinite far field. These two methods were coupled 
through equilibrium and compatibility conditions at the interface. The results of the 
analysis showed the importance of including the foundation stiffness and thus the dam–
foundation interaction.  It was shown that the coupled FE–BE method is efficient, 
accurate and versatile. Rizos and Wang (2002) presented a coupled BEM-FEM 
methodology for 3D wave propagation and contact analysis in the direct time domain. 
The employed BEM uses a new generation of the Stokes fundamental solutions that 
utilize the B-Spline family of polynomials. A standard finite element methodology for 






staggered solution approach.  Jahromi et al. (2009) proposed the domain decomposition 
method for modeling coupled nonlinear contact problems. The method assumes that the 
coupled system is physically partitioned into independently modeled sub-domains. A 
coupling procedure based on the sequential iterative Dirichlet-Neumann coupling 
algorithm was used, which utilizes the condensed tangent stiffness matrices at the 
interface to ensure and accelerate convergence to compatibility in successive update of 
the boundary conditions. A limitation of this method is that problems involving non-
homogeneous and nonlinear domains result in a more complicated solution procedure. 
The mortar method (otherwise known as the segment-to-segment formulation) is a 
widely used dual approach, where the gap function is averaged along the contacting 
segments and the pressure at the slave contact points is interpolated in terms of the nodal 
pressures on the master surface (Puso and Laursen, 2004). The drawback in this method 
is the LBB limitation as well as the bias of choosing the master and slave surfaces. 
The finite elements method and direct finite elements method can used to analyze 
and solve contact problems. Erxiang et al. (1998) analyzed a nonlinear dynamic 
interaction problem of saturated soil and structure by using the direct finite element 
method. The study proposed a model that combines the well-established Mohr-Coulomb 
model for the soil plasticity and a densification model for the pore pressure build up. 
Performed calculations showed the efficiency of this approach. The authors stated that 
the accuracy seems acceptable; however, it still requires some research into its 
application when nonlinearity exists close to the artificial boundary. Wang et al. (2004) 
developed a finite element model to simulate nonlinear response of piles/drilled piers 






the highest importance for the capacity analysis. Proper account of over consolidated 
crust is important especially for short pier capacity simulation, while nonhomogeneity of 
undrained shear strength distribution is not critical for the stiff clay site. Park et al. (2007) 
introduced a method for contact analysis by adopting an unaligned mesh generation 
approach and using a direct method with modified Lysmer transmitting/absorbing 
boundary (Lysmer, 1969) where soil media is modeled to uniform structured finite 
elements with discontinuity. They found that the variation of the peak value changes 
largely due to the soil profile and properties. Lu et al. (2004) employed a new parallel 
nonlinear finite element program (ParCYCLIC) in order to satisfactorily reproduce the 
SSI effects under earthquake loading. A single pile embedded in mildly inclined, 
liquefiable soil deposit was analyzed under dynamic base shaking conditions. Huo et al. 
(2005) investigated the earthquake related failures of the Daikai Station. A numerical 
dynamic analysis using ABAQUS of the structure and the surrounding soil was 
conducted using motions accelerations recorded near the site as input. They concluded 
that the use of seismically induced free-field deformations for structural design is only a 
first approximation, which requires further evaluation for sensitive structural members in 
underground structures. A stronger interface will be able to transmit larger shear to the 
structure but will induce more confinement to the surrounding soil thus limiting its shear 
modulus degradation. Sheng et al. (2007) demonstrated the application of computational 
contact mechanics in strip footing under eccentric and inclined loads and a cone 
penetration test. They presented a general formulation for problems involving frictional 
contact and a general description of the associated numerical algorithms. It was 






deformations and surface separation and re-closure, are in general better represented by 
frictional contact than prescribed boundary conditions or joint elements. Liao et al. (2007) 
studied the SSI contact problem on loose ground using the advanced nonlinear finite 
element analysis software MSC. Marc. The study concluded that peak accelerations of 
ground surface decrease because of the effects of SSI; the thicker the soil is, the smaller 
the decrease scale is. Sheng et al. (2008) introduced a modified finite element 
formulation of frictional contact for soil-pile interaction. The formulation was based on 
smoothed discretization of the pile surface using BEZIER polynomials. The results 
showed that the new finite element formulation can produce reasonable results for the 
pile loading problem that involves large interfacial sliding and surface separation. The 
drawback in this method is the bias of choosing the master and slave surfaces. Paknahad 
et al. (2008) investigated modeling of a shear wall structure-foundation and soil system 
using the super element, finite and infinite elements while considering soil nonlinearity.  
The applicability of the proposed idealization was shown through analyzing a shear wall 
structure under static loadings. Gul et al. (2009) presented the extension of the Direct 
Differentiation Method (DDM) to finite element models with node-to-surface contact. 
The DDM is an accurate and efficient method for computing finite element response 
sensitivities to material, geometric and loading parameters. The developments presented 
in this study close an important gap between finite element response-only analysis and 
finite element response sensitivity analysis through the DDM, extending the latter to 
applications requiring response sensitivities using finite element models with node-to-
surface constraints Such applications include structural optimization, structural reliability 






One of the most widely primal coupling approaches is the Discontinuous Galerkin 
(DG). This approach is used for the coupling problem since it readily assumes 
discontinuous discretization on all inter-element interfaces. The DG formulation (Brezzi 
et al., 1999) is based on identifying a set of target continuous fields for the displacement 
and traction fields on each interface, and mapping the discretized displacement and 
traction fields on each surface to these target fields in a weak weighted residual form. 
Another primal method is the Nitsche method (Nitsche, 1971) that is a consistent primal 
formulation that employs a penalty approach to enforcing kinematic conditions. 
Originally introduced for the treatment of rough Dirichlet boundaries, the Nitsche method 
has been used as a basis for developing primal stabilized interface formulations for 
embedded interfaces. The clear advantages of the primal DG and Nitsche methods over 
dual ones are the unbiased treatment of the interface and the absence of the LBB 
restrictions. These methods, however, require a mesh-dependent stabilization parameter. 
The Enriched Discontinuous Galerkin Approach (EDGA) developed by Haikal 
and Hjelmstad (2010) for the coupling of NCM is a primal interface formulation that 
ensures geometric compatibility and a complete transfer of surface tractions between the 
connecting elements at the non-conforming interfaces. The approach is based on a local 
enrichment of the non-conforming interface that enables a simple enforcement of the 
continuity of the displacement field using a set of discrete node-to-node constraints, 
thereby eliminating the need for master/slave designations. The authors treated the 
interface using a form of the Discontinuous Galerkin (DG) method that guarantees the 
complete transfer of forces along non-conforming inter-element boundaries. The 






continuous Galerkin as a subset. The key advantages of this method are that it uses finite 
element estimates of the stress fields on the interface, and it is able to accommodate 
sliding and nonlinearity (material and geometric). 
As can be noticed from the literature review, previous studies used different 
techniques to resolve the interface problem in systems in contact. The used techniques 
have shown major drawbacks such as: the inability of combining the material 
nonlinearity and the geometric nonlinearity, or have complicated procedures when the 
problem involves nonlinearity. The importance of this work stems from the lack of a 
finite element model that is capable of addressing with enhanced accuracy, the 
nonlinearity in the material, large deformations and friction on the interface with NCM. 
The emphasis in this research is on the interface model such that it is capable of capturing 
accurate behavior of each component of systems in contact without any bias. 
The EDGA was developed for the case of hyperelasticity, and in this study we 
extend the EDGA to model contact problems with plasticity. We assume large 
deformations and nonlinear constitutive models for both domains. The presence of 
friction and sliding will also be taken into account. 
 
2.2 Algorithmic Treatment of Frictional Contact 
Enforcing the contact constraints in the presence of friction requires 
distinguishing between stick and the slip states within each load step, which requires 
enforcing or releasing the tangential constraints. Stick conditions can be enforced with 
the same approaches used for normal contact constraints, namely the Penalty, Lagrange 






The Lagrange multiplier method is used to enforce exact stick conditions. 
However it introduces an extra unknown, therefore increasing the size of the problem, 
and may also lead to scaling-related convergence difficulties (Vulovic et al., 2007). The 
penalty method is widely used due to its simplicity and since it does not introduce an 
extra unknown. This method introduces a force at the contact locations, controlled by a 
penalty parameter, to eliminate the penetration at the interface. The challenge in using the 
penalty method, however, is in identifying the magnitude of the penalty parameter: A 
large parameter is needed to preclude penetration. Arbitrarily large values, however, 
could potentially lead to ill-conditioning and instability (Vulovic et al. 2007 and Ştefancu 
et al. 2011). The Augmented Lagrangian method combines the benefits of the penalty and 
Lagrangian multiplier approaches. The contact force is computed through an iterative 
process starting with a penalty-based estimate. This method has the advantage of 
obtaining the exact Lagrange multiplier values and avoiding the numerical problems 
associated with the penalty approach (Simo and Laursen, 1992, Laursen and Simo, 
1993a, Wriggers and Zavarise, 1993, and Pietrzak and Curnier, 1999). It remains, 
however, an iterative process, much like the Lagrange multiplier approach, that requires 
an initial assumption of stick/slip at each contact point.  
When the above methods are used to enforce Coulomb frictional conditions, an 
assumption has to be made at the onset of the simulation, whether contact at a given point 
is in stick or slip. If a stick condition is assumed, the lateral force is computed that is 
required to enforce zero tangential displacement. This assumption has to be revisited at 
the end of the analysis, and if the force is found to be in excess of the Coulomb frictional 






stick condition has to be revised to allow tangential slip, and the solution has to be 
repeated under the revised assumption. For large meshes, and under material and/or 
geometric nonlinearity, this process requires multiple repetitions of the solution of the 
nonlinear equilibrium equations of the coupled system. The change in stick/slip 
conditions at multiple contact nodes could also be the source of lack of convergence or 
instability (Sheng et al., 2006). 
Another method used to enforce frictional contact conditions uses the elasto-
plasticity analogy in formulating the nonlinear constitutive equations of friction. The 
tangential displacement is decomposed into elastic or reversible (stick) and plastic or 
irreversible (slip) parts. The tangential traction forces are computed as the forces required 
to enforce the stick condition. If these forces exceed the maximum value allowed by the 
Coulomb model, lateral displacement occurs through “plastic” slip and the tangential 
traction is computed through a return mapping algorithm with an associative flow rule for 
the tangential displacement. 
This approach has a tangible physical interpretation; the stick condition represents 
the elastic part of the tangential displacement at the contact location that vanishes when 
the loading is removed, while the slip condition represents the irrecoverable part of the 
displacement. The method eliminates the convergence problem and the need for repeated 
nonlinear solutions caused by enforcing and releasing the contact constraints. This 
method showed effectiveness in linear elastic problems, however applying it in the 
context of large deformations has proven to be a challenge (Laursen and Simo, 1993b, 







CHAPTER 3. FINITE ELEMENT FORMULATION OF CONTACT PROBLEMS 
3.1 Preface 
The formulation of interface problems involves ensuring geometric compatibility 
and a complete transfer of forces along the interface. In unilateral frictionless contact 
problems, the bodies are allowed to separate and slide tangentially with respect to each 
other. Therefore, the continuity condition applies to the normal component of the 
displacement and traction fields only. In the frictional case, the tangential relative motion 
between two points in contact is governed by the frictional law, which will be assumed to 
follow the Coulomb model. 
For the sake of simplicity, we will begin our presentation of the mathematical 
formulation of the contact problem assuming that the two contacting domains are fully 
coupled and remain such throughout deformation. We will then modify the formulation 
to account for frictionless sliding and frictional conditions on the interface. 
 
3.2 Formulation of the Boundary Value Problem 
This section includes the mathematical formulation of the equations of motion, 
large-deformation kinematics, and material laws. 
In large-deformation contact problems, the nonlinear relationship between the 






Equilibrium between the internal and external forces should also be enforced in the 
deformed configuration. The formulation of large-deformation problems can be carried 
out using the total or updated Lagrangian frameworks, with the governing equations 
written with respect to the initial configuration in the total Lagrangian formulation and 
with respect to the current configuration in the updated Lagrangian formulation. In the 
next section, a brief description of the updated Lagrangian formulation is presented; 
detailed derivations can be found in Bonet and Woods (2008). 
 
3.2.1 Equilibrium and Virtual Work 
Consider the two solid domains in contact Ω1 and Ω2shown in Figure 3.1. The 
boundary Γ of each domain can be divided into three parts Γ =Γt ∪  Γu ∪  Γ, where Γt and 
Γu denote the Neumann and Dirichlet parts of that boundary, respectively, and Γc refers to 
the contact interface. Note that Γt ∩ Γu ∩ Γc = Φ in each body. 
 
 
Figure 3.1 Two Solid Domains in No Contact (Left) and Contact Configurations (Right) 
 
Given the body force vector field for each solid b1 and b2, a prescribed traction t1 






strong form of the governing equations of the continuum contact problems can be written 
as follows: 
div σ1+ b1 = 0 in Ω1  σ1n = t1 on Γt1  u1 = g1 on Γu1 
div σ2+ b2 = 0 in Ω2  σ2n = t2 on Γt2  u2 = g2 on Γu2 
and u1=u2,    t1+ t2=0 on  Γc, 
where σ is the Cauchy stress tensor, div is the divergence operator and n is the normal to 
the surface. 
Defining the space T= {u ∈  H1(Ω) : u = g on Γu} and V = { ∈ H1(Ω) :  = 0 on Γu}; 
let 𝐮! and 𝐮! be the virtual displacements for domains Ω1and Ω2, respectively, where: 𝐮!∈ V1= {u!∈  H1(Ω1): u!= 0 on Γu1} 𝐮!∈ V2 = {𝐮!∈  H1(Ω2) :  𝐮!= 0 on Γu2} 𝐮!∈  Vc= {u!∈ H1/2(Γc)} 
The total virtual work done by the system is the sum of the virtual work done by 
the two bodies in addition to the work done by the contact forces at the interface. 
Therefore the weighted residual form of the governing equations is: 
              𝑑𝑖𝑣  𝛔1 +   𝐛1 .Ω1 𝐮1dΩ+   𝐭1 −   𝛔1  𝐧1 .Γt1 𝐮1dΓ+ 𝑑𝑖𝑣  𝛔2 +   𝐛2 .Ω2 𝐮2dΩ  +                                   𝐭2 −   𝛔2  𝐧2 .Γt2 𝐮2dΓ−   𝐭1 +   𝐭2 .ΓC 𝐮 dΓ = 𝟎    ∀  𝐮   ∈ 𝑉             (3.1) 
 
  
Applying the divergence theorem to the terms div σ1 on dΩ1 and div σ2 on dΩ2 in 
Equation (3.1) and imposing homogeneous boundary conditions yields the following: 
























C uttututuu                                 (3.5) 
It is important to note that, when 21 tt = , the interface work term CG ),( uu  disappears 
leaving the total virtual work 21 ),(),(),( uuuuuu GGG += , which is the sum of the work 
done in each domain, as is case for conforming meshes. Therefore, it can be concluded 
that when the displacement field is conforming, the equilibrium of tractions holds 
automatically on the interface. 
 
3.2.2 Large-Deformation Kinematics 
Consider a deformable body moving from an undeformed to a deformed 
configuration as shown in Figure 3.2. Let X and x denote the material and spatial position 
vectors of any material point p, respectively. 
The deformation gradient F can be defined as: XxxF X ∂∂=∇= . The 
deformation can be expressed by a measure of change in length, represented by the scalar 
product of any two spatial vectors at a point within the body as: 2121  XCXxx dddd ⋅=⋅ , 
or 2-1121  xbxXX dddd ⋅=⋅ where FFC T=  and TFFb = are the right and left Cauchy-







Figure 3.2 Kinematics of a Continuum Body (Bonet and Woods, 2008) 
 
The change in the spatial scalar product can be found in terms of the material and 
spatial vectors as follows: 
( ) ( )ICEXEXXXxx −=⋅=⋅−⋅
2
1       ;  
2
1 212121 dddddd                                (3.6) 
( ) ( )1212121
2
1        ;  
2
1 −−=⋅=⋅−⋅ bIexexXXxx dddddd                                (3.6) 
where E is the Lagrangian or Green strain tensor, and e is the Eulerian or Almansi strain 
tensor. As the body deforms, its volume and area will change, and the magnitude of the 
change can be computed as: JdAdv = , dAJda 1 −= F , with Fdet  =J . In these 
equations, v and V are the volume in the initial and current configurations, respectively; a 






The weak form of Equations (3.2) and (3.3) can be written in the current 











ddvdG  : : :),( utubεσuu ;      )(
2
1 Tuuε ∇+∇=  (3.9) 
Note that, unless otherwise noted, the gradient operator is defined with respect to the 
spatial coordinates x. The first term in Equation (3.9) represents the internal virtual work 
) :( ∫
Ω
Ω= dWI εσ , whereas the second and third terms represent the external virtual work 




ddvWE utub . 
 
3.2.3 Linearization of the Weak Form 
In order to obtain the solution of the nonlinear virtual work equation, we 
implement the Newton-Raphson method and thus linearize the virtual work form as 
follows: 
uuuuuuu Δ⋅+= ),( D),(),(ˆ GGG   (3.10) 
The first term in Equation (3.10) is the sum of internal and external work at a 
displacement estimate u, while the second term represents the directional derivative of 
the virtual work functional with respect to an increment uΔ , and can be computed as: 






where ( )uK  is the tangent stiffness matrix and  f  is the equivalent load vector. For the 
updated Lagrangian, the directional derivative of the internal virtual work yields: 
	  	  






















where, 2/)( Tuuε Δ∇+Δ∇=Δ  and .
 
The terms ZIJKL and zijkl are the fourth-order material and spatial elasticity tensor, 
respectively, and will be discussed in detail in the material laws sections. 
 
3.2.4 Discretization 
In the finite element method he domain is discretized into a finite number of 
subdomains, each of which is referred to as the element. Discretization is established in 
the undeforrmed configuration using isoparametric mapping to a parent element in the 
reference coordinates ξ. Defining the total number of nodes in each element as n and the 
shape functions as N, the material and spatial coordinates in the element can be 


















Similarly, the displacement can be interpolated using the parent element shape 
















The Jacobian J of the isoparametric map from the actual coordinates to the 
coordinates of the parent element for both the material and spatial coordinates 




















  (3.14) 
Summation is implied from 1 to 3 on I and J, and 1 to n on α.The derivatives of 
the shape functions with respect to the actual coordinates are evaluated using the chain 
rule: and . Numerical integration over each 
element is carried out using the Gauss integration procedure in the parent coordinates, 
such that an integral over a domain discretized into m finite elements is written as follows: 
 (3.15) 
where Ωe and Ωp are the element and the parent element domains respectively, wi and ξi 
are the weights and locations of the Gauss points for the parent element. 
As stated earlier in Section 3.2.3,thedirectional derivative of the internal virtual 
work gives the tangent matrix (K) found in Equation (3.11). Assuming that the external 
load remains constant throughout deformation, the tangent matrix has two 
components: the constitutive component and the initial stress component . The 
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  (3.16) 
where, 
  (3.17) 
  (3.18) 
 
3.2.5 Material Laws 
In this study, we implement a hyperelasto-plastic constitutive model to describe 
the behavior of contacting domains. Both Von Mises and Drucker-Prager yield criteria 
are implemented. The details of the formulation and implementation for each of these 
models in the presence of large deformations are presented in the following sections. 
Additional information about this section can be found in Bonet and Wood (2008). 
 
3.2.5.1 Hyperelasticity 
Hyperelasticity is used to describe the elastic nonlinearity in both domains before 
yielding. A material is said to be hyperelastic if there exists a strain energy density 
function (ψ) that depends only on the initial and existing configuration of the body, not 
on the actual path of the deformation. A general energy density function for the 
hyperelastic material ψ is:  


















































The time rate of change of this energy functional can be written as: 
 
 (3.20) 
where P is the first Piola-Kirchhoff stress tensor: 
  (3.21) 
The strain energy density function can equivalently be expressed in terms of the second 






 :ES ψ  
Given that  ( ) 2/ICE −= , the strain energy density function can alternatively be 
expressed in terms of the Green deformation tensor C as: ( )( ) ( )( )XXCXXF ,, ψψ = . The 



















ψψ2, is the second Piola-Kirchhoff stress tensor. 
 
For isotropic material, the strain energy density function is written in terms of the 
invariants of the Green deformation tensor C as follows: 
( )( ) ( )XXXC ,,,, CCC IIIIIIψψ =   (3.22) 
where ICC :== trIC ,	   CCCC : == trIIC , and 
2 det JIIIC == C . 




































































Defining: , , and , we rewrite Equation (3.23) as follows: 
122 4 2 −++= CCIS JIII ψψ 	   	   (3.24) 
From Equation (3.24), the Cauchy stress tensor can be computed as: 
IbbFSFσ IIIIII
T JJJJ ψψψ 2 42 2111 ++== −−− 	   (3.25) 
 
A commonly-used hyper-elastic material model is the compressible Neo-Hookean 
model. The energy function for this model is given by: 
 
 (3.26) 
where µ and λ are the Lamé parameters, and I and J are the first and third invariants of the 
right Cauchy-Green strain tensor C, respectively. Substituting the compressible Neo-
Hookean strain energy density function in both Equations (3.27) and (3.29) yields the 




+−= 	   	   (3.27) 
11 )(ln)( −− +−= CCIS Jλµ 	   	   (3.28) 
The linearization of Equation (3.24) via Newton’s method requires computing the 
directional derivative of the second Piola-Kirchhoff stress tensor in the direction of an 




































































	   (3.29) 
where Z is the Lagrangian or material elasticity tensor ( ).  
 
The Lagrangian elasticity tensor corresponding to the Neo-Hookean material is obtained 
by differentiating Equation (3.28) with respect to the components of C: 
( )ICCZ  ln 2 11 Jλµλ −+⊗= −− 	   	   (3.30) 
where . 
  
The spatial elasticity tensor is obtained by taking the directional derivative of the Cauchy 
stress tensor to give: 
( )  iIIz  ln 2 Jλµλ −+⊗= 	   	   (3.30) 
where .The spatial elasticity tensor can be 








































3.2.5.2 Large-Deformation Plasticity 
(1) Multiplicative decomposition of the deformation gradient: 
For a material point in a body that deforms from the initial state with vector dX to 
the final state with vector dx,, as shown in Figure 3.3, the total deformation gradient F 
can be decomposed into an elastic deformation gradient Fe, and a plastic deformation 
gradient Fp. Recalling that XxF ∂∂= / , we can assume that it is possible to find a stress-
free plastic state x~ such that XxF ddp /~=  and xxF ~/dde = . 
Therefore, the relation between the plastic and elastic deformation gradient is: 
peFFF = . The right Cauchy-Green strain tensor FFC T=  can be derived from both the 
elastic e
T
ee FFC = , and plastic p
T
pp FFC =  parts of F. The left Cauchy-Green strain 





11 −−− === . 
 
 







We write the above fields in terms of the principal directions since they are 
invariant with any arbitrary rigid-body rotation. Accordingly, the left Cauchy-Green 









,ee 	   	   (3.33) 
The Kirchhoff stress tensor τ  and its deviatoric part 'τ are computed as follows: 
αα
α




22  2 4 2 IIIeIIeI JJ 	   (3.34) 
  
(3.35) 
The left Cauchy-Green strain tensor is Tpe FFCb
1−= . The hydrostatic part p of the 
Cauchy stress tensor is computed as , where . 
 
(2) The Von Mises yield criterion 
The Von Mises yield criterion indicates that yielding of materials depends only on 
the second deviatoric stress invariant J2. Since it is independent of the first stress 
invariantI1, it is applicable for the analysis of plastic deformation for ductile materials 
such as metals. The Von Mises yield surface is defined by the function: 
( ) 0':'
2
3, ≤−= ypf τττεσ 	   	   (3.36) 
Je ln3
2ln2 , µλµτ ααα −=ʹ′








Where ),( pf εσ  is the yield function that represents the state of stress the material is 
exhibiting: a function of the Cauchy stress tensor (σ) and the plastic strain ( pε )
pH εττ  
0 += , Iττ  ' pJ−= , H is the hardening parameter, and τ and 
0τ are the current 
and initial yield stresses, respectively. 
 
(3) Radial return mapping 
During computation, when a material point goes beyond the yield surface to an 
inadmissible state, the plastic internal variables are evolved to compute a new state of the 
material to bring it back to the yield surface. This process is called return mapping and is 
depicted in Figure 3.4.	  The return mapping procedure is strain driven. Thus, the global 
system of equations sends a strain update to a material point in the form of Fn+1. From a 
previous converged solution and the current assumed trial solution, the elastic 
deformation can be find as: 
αα
α














ne 	  	   (3.37) 
Once the elastic deformation tensor is known, the stretch in principal direction can be 
found by solving for the Eigenvalues and Eigenvectors of trialne 1, +b to give: 








,1, 	   	   (3.38) 
Accordingly, the trial state of the Kirchhoff stress tensor and the deviatoric component 






















Figure 3.4 Radial Return Mapping (Bonet and Wood, 2008) 
 
Next, we check whether the solution satisfies the yield criterion (i.e. 
0),( ≤pf εσ ), if the trial state satisfies the yield surface constraint, then the trial state is 
the solution. However, if the trial state violates the yield surface constraint 0),( >pf εσ , 
it means that the material has passed the yield point and we need to bring back the trial 
state to a new admissible state on the yield surface. In doing so, two variables need to be 
determined which represent how much the material flow from the yield surface; the non-
dimensional direction vector normal to the yield surface and the plastic loading function. 
Jtriale ln3






The non-dimensional direction vector 1+nαυ  is derived by taking the partial derivative of 

















=+         (3.41) 
The plastic loading function ∆γ is needed to restore the plastic strain to the yield surface; 










, ,ετ 	   	   (3.42) 
where H is the hardening parameter. 
 
Therefore, as illustrated in Figure 3.4, the stress and stretch are updated by the plastic 
multiplier and the direction vector as follows: 
1  2'' +Δ−= ntrial ααααα γµ υττ 	   	   (3.43) 
  
(3.44) 
Then the left and right Cauchy-Green strain tensors and the plastic strain are updated as 
follows: 





















1, FbFC 	   	   (3.46) 

















+npC  are stored and accumulated at each Gauss point for each 
load increment to be used in the next increment. 
The tangent modulus is derived from the second Piola-Kirchhoff stress tensor S as 
, where S can be written in the following form: 





CS pJψ 	   	   (3.48) 








































































In case of elastic stress state, Equation (3.51) is used to calculate the integral of 
the principle deviatoric stress with respect to the principle stretch, whereas Equation 































































































(4) The Drucker-Prager yield criterion 
The Drucker-Prager yield criterion (Famiglietti, 1994) is an elasto-plastic two-
parameter function that is frequently used due to its relative simplicity and applicability 
to pressure-driven constitutive behavior, as in the case of soils. The Drucker-Prager 
model can be described as a smoothed Mohr-Coulomb surface or as an extension of the 
Von Mises criterion that accounts for the effect of hydrostatic pressure p on the yield 
surface. It is expressed as: 
( ) 0 ':'
2
3, ≤+= pf p αττεσ 	   	   (3.54) 





with c and φ representing the cohesion and friction angle, respectively. 
The derivation of the algorithm of the Drucker-Prager yield criterion follows the 
same steps as the derivation of the algorithm of the Von Mises yield criterion in the 
previous section except for the following: 
• For the case of a non-associative flow rule which provides the direction and 
magnitude of plastic flow are computed from the following plastic potential: 
	  	  	  	   ( ) 0'':'
2
3,ˆ ≤+= pf p αττεσ 	   	   (3.57) 
































	   	   (3.58) 
where k’ is the associativity parameter and B is the bulk modulus. 
 
• Stress update equations: 















'  11 αγ B
trial
nn Δ−= ++ PP   
(3.61) 
• In order to compute the deviatoric tangent modulus for Drucker-Prager yield 
criterion, the derivative of the deviatoric stress with respect to the stretch is 







































where  and G is the shear modulus. 





























3.3 Frictionless Contact 
In this work, we implement the primal EDGA method proposed in (Haikal, 2009) 
for elastic frictionless contact and seek to extend this approach to the cases of plasticity 
and frictional contact. We begin by providing a general overview of the mathematical 
formulation of contact, starting with the frictionless case. 
 
3.3.1 Definition of the Contact Constraints 
The simplest and earliest method for enforcing contact conditions is the Node-to-
Surface approach illustrated in Figure 3.5. The Node-To-Surface contact constraint 
measures the gap or oriented distance between a “slave” node and its projection on the 
opposing “master” surface. The bodies on either side of the interface are free to move 
apart or come in contact and the sign of the gap function is used to distinguish between 
these two scenarios and the case where the two bodies overlap as shown in Figure 3.6. 
 







Figure 3.6 Gap Function 
 
For the displacement field to represent an admissible kinematic state, there could 
be no penetration between the two bodies. This condition is typically reflected through 
the unilateral contact constraint function: 
0).( ≥−= nxxgn p , for all cΓ∈x
      
(3.65) 
where gn is the normal component of the gap between the two bodies, defined by the 
closest projection xP of a point x on the boundary of one body (slave surface) to the 
surface of the other body (master surface), with n being the normal vector of the master 
surface at the projection point. The closest point projection xp of a slave node x on the 
master surface is the minimizer of the distance (x-xp). With the isoparametric 
interpolation of the spatial variables in the master element xp=Ʃ(Nα(ξp) xα), the 
minimization problem reduces to finding the coordinates ξp that correspond to the closest 






The contact Kuhn-Tucker condition relates the gap function to the normal stresses 
at the interface (λ); these conditions are summarized in Figure 3.7: 
 
 
Figure 3.7 Kuhn-Tucker Conditions (Left) and Contact Forces vs. Normal Gap (Right) 
 
For bilateral coupling the contact condition reduces to a full continuity of the spatial 
vector, x=xp, with no conditions placed on the force field. 
 
3.3.2 Energy Approach 
Considering the energy along the contact interface, the total potential energy 
stored in the system can be expressed as: 
)()()()( 22
1
1 uuuu ctotal ππππ ++= ΩΩ
 
(3.66) 
where u = [u1; u2] ,  is the energy stored due to the plastic deformation in domain 
1, is the energy stored due to the deformation in domain 2, and (u) is the 
















The directional derivative of the potential energy functional stated in Equation 
(3.68) in the direction of a variational displacement field leads to  
uuuuuuuuuu ).().().().(),( 222
11
1 ctotal DDDDG ππππ ++== ΩΩ  
(3.68) 
which corresponds  to the weighted residual form stated in Equation (3.2). 
 
3.3.3 Enforcing the Contact Constraints 
We enforce the contact constraints at a number of slave nodes on the contact 
interface using a set of discrete Lagrange multipliers. This leads to the following potential 












In this equation, the Lagrange multipliers can be interpreted to be the normal contact 
pressure at the slave contact points. Taking the directional derivative of the potential 












Implementing Newton’s method for the solution of the coupled system, we obtain 
























































The above system of equations is solved for the nodal displacements d and the Lagrange 
multipliers (or contact pressures) λ, where f is the external force. In Equation(3.71), KG 
represents the stiffness matrix for both domains𝐾!,𝐾!as illustrated in Equation (3.72) and 




3.3.4 Contact Patch Test Using the Node to Surface Approach 
We use the contact patch test to check the ability of node-to-surface contact 
algorithm to transfer the stresses uniformly through the interface. Figure 3.8 shows the 
typical contact patch test, which consists of a punch in contact with a rectangular 
foundation, with a distributed load applied at the top free surfaces of the structure. 
 





















From the equilibrium of the free body A, the applied pressure P must be equal to 





dd A   tP
  
(3.73) 
Assuming the finite element discretization in element A is complete and can reflect a 
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(3.74) 
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(3.75) 


















For the equilibrium to hold at the interface, the following must be true: 
P.uAd  Γ
ΓAbottom




























Since , this leads to: 
P.uAd  Γ
ΓAbottom





Since P is, equation (3.81) implies that, for the pressure transfer to be complete, the 









Therefore, for the contact formulation to pass the patch test, the variational field needs to 
be continuous, at least in a weak sense, across the interface. The node-to-surface contact 
algorithm does not pass the patch test since the gap function gn guarantees continuity at 
the slave nodes only. 
 
 
Figure 3.9 Complete Transfer of Stresses Through the Interface in Conforming Meshes 
(Left) Versus Incomplete Transfer of Stresses in Non-Conforming Meshes (Right) 
 
The node-to-surface algorithm for NCM does not pass the contact patch test due 







conforming meshes and NCM is shown in Figure 3.9, which is a demonstration of the 
patch test using Abaqus. Figure 3.9 (left) shows a complete transfer of stresses along the 
interface in conforming meshes, while Figure 3.9 (right) shows incomplete transfer of 
stresses along the interface in non-conforming meshes. 
 
3.3.5 Interface Model: EDGA 
We implement the Enriched Discontinuous Galerkin Approach(EDGA)(Haikal, 
2009) to solve the continuity problem at the interface of NCMs. The EDGA is a primal 
approach that enables a two-pass strategy for the enforcement of geometric compatibility 
along the interface through local enrichment. The method is based on a local enrichment 
designed to guarantee geometric compatibility at all nodes of the interface, without the 
need of a master-slave definition. The local enrichment transforms the geometric 
compatibility condition to a set of node-to-node constraints by inserting a new node 
where a node meets a surface. This local enrichment can be enforced at all nodes along 
the interface. Completeness of the finite element interpolation in the enriched element 
can be preserved by updating the set of Lagrangian shape functions to account for the 
additional node.  
Since the displacement between the nodes remains discontinuous, a 
Discontinuous Galerkin (DG) stabilization is applied to ensure the continuity of the 
tractions in a weak form along the interface. The EDGA is explained below(Haikal, 
2009). We start by discussing the fully coupled (bilateral) case and then move to release 







3.3.5.1 EDGA: The Fully Coupled Case 
When contact occurs between a node p and the top surface 34 of an element 1234, 
a node is inserted on the element surface at the location of contact. The following 
equations define the shape functions of the inserted node 5as illustrated in Figure 3.10 
 
(3.83) 
To preserve the interpolatory nature of the finite element basis and its partition of unity 





where is the shape function of the enriched node,  is the shape function of 
Q4 element for α= 1,…, 4, and  are the modified (enriched) element shape functions. 
 
 
Figure 3.10 Local Enrichment of the Interface Element for the Following Cases: (a) 
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The goal of the DG-based stabilization procedure to ensure a complete transfer of 
the traction field across the interface. To better understand the motivation behind the 
stabilization approach, we refer to the formulation of the coupled problem described in 
Section 3.2.1.We can write the Galerkin form of the governing equations in the material 






















where, b0 is the body force, h0 is the applied traction, 
+N , +u  and −N , −u  are the 
normal and variational displacement vector on each side of interface, and Ai is the inter-
element interface in the undeformed configuration. It is worth noting that this form of the 
weak statement of equilibrium and equation (3.2) are exactly equivalent, with the 
gradient operator defined with respect to the material and spatial coordinates, respectively. 
As we observed in equation (3.5), it is obvious from Equation (3.86) that, if is 
continuous across the element boundaries, the interface term becomes: 
0.][.. =+=+ ∑ ∫∑ ∫∑ ∫
−−+
−+−−++




which weakly enforces the equilibrium of tractions along the element interface. If is 
not continuous along the element interfaces, equilibrium of tractions does not necessarily 
hold, and the interface term could be the cause of numerical instability in the solution.  
In order to stabilize the solution and enforce traction continuity, the weighted 































where, 2/)( −+ += uuu h is the average of the variational displacements along the 
interface, which guarantees an unbiased method. Simplifying and rearranging the terms 

























It should be noted that if huuu == −+ , the interface terms go to zero and the 
formulation returns back to the standard continuous Galerkin method. 
The key differences between the EDGA formulation and standard DG 
formulations can be summarized as follows (Haikal, 2009): 
1. Unlike typical DG formulations where compatibility of displacement holds in a 
weak sense along the element interfaces, this method relies on a strong 
enforcement of displacement continuity at the nodes.  
2. The traction stabilization terms are based on local estimates of interface tractions, 
unlike DG formulations that typically employ numerical fluxes with a user-
defined stabilization parameter.  
3. The formulation is consistent and includes the continuous Galerkin method as a 







We verify our implementation of the EDGA using the standard contact patch test 
shown in Figure 3.11.Nodes h, f, g are insterted to transfer the continuity condtion from a 
node-to-surface to a node-to-nodeconstraint. The stabilization procedure ensures that the 
formulation passes the patch test within machine precision. 
 
 
 Figure 3.11 Contact Patch Test with EDGA 
 
3.3.5.2 EDGA: Contact with Sliding 
In sliding cases, the bodies in contact are allowed to move tangentially with 
respect to each other and the continuity condition applies to the normal component of the 
displacement only. The objective of the enrichment explained in Section 3.3.5 is to 
transform the node-to-surface contact constraint to node-to-node. This objective is still 
valid for the contact problem with sliding. However, as shown in Figure 3.12, the 
difference is that node p is able to move from the surface if the contact constraint is 






independent quantities. Therefore, node p can separate from the contact element surface, 
while the enriched node r keeps its coordinates.  
 
Figure 3.12 Enrichment Updating Procedure for Sliding (Haikal, 2009) 
 
In order to update the spatial and material coordinates of the enriched node, the 
following procedure is applied: 
1. Given the previous enrichment reference , spatial element coordinates rx and 
αx  for α = 1 through n, and the spatial location of the contact node px , the 
following equation is solved to find : 
xr = Nα (ζ p,ζ r )xα + Nr (ζ p,ζ r )xr
 
(3.90) 
2. Assuming that the contact surface = c, the new enrichment location = 
with = c. 
3. The new spatial and material coordinates are computed as: 
rrprrp NζN xxx ),(~),(~ ζζζ ααα +=
 
(3.91) 













4. Set *rr xx = and *rr XX =   
5. Update the displacement rr Xxu −= .  
6. Reiterate until convergence is reached. 
Although the contact constraints described above enforce geometric compatibility 
(in the normal sense) at the interface nodes, the displacement field between the nodes 
remains discontinuous in both directions; i.e. normal and tangential directions. This leads 
to incomplete transfer of the traction field across the interface. In order to solve this 
problem, the stabilized DG formulation is applied to the contact interface resulting in 
weak continuity of the traction field in the normal direction only. Therefore, the 


























where n and N are the normal to the deformed and undeformed configurations, 
respectively, and A is the set of the contact interfaces. This procedure was applied for the 
elasticity case by Haikal (Haikal, 2009). In this study, we extend this application to the 







CHAPTER 4. EXTENSION OF THE EDGA FOR PLASTICITY 
In this study, the EDGA developed for the coupling of the NCM is extended to 
model large-deformation contact problems between bodies with inelastic constitutive 
behavior. The EDGA is a primal approach that enables a two-pass strategy for the 
enforcement of geometric compatibility along the interface by inserting a new node at 
contact locations. This local enrichment can be enforced at all nodes along the interface. 
The enrichment in the element introduces a higher order in the element shape function 
associated with the nodes located on that interface. Thus, the order of interpolation has to 
be increased in the direction where the node is inserted. Solving this problem in 
hyperelasticity is usually accomplished by increasing the order of the Gauss integration 
scheme, thereby introducing new integration points. This process, however, could be 
problematic for the case of inelasticity. For history-dependent materials in which plastic 
strains are stored and accumulated at the Gauss points after each converged load step, the 
computational history at the integration points before enrichment must be preserved. 
Therefore, a progressive integration rule such as the Gauss-Kronrod quadrature can be 
used alternatively. 
The Gauss-Kronrod quadrature inherits Gauss point locations and provides an 
additional set of integration points interlaced between the original Gaussian quadrature. 






given integral accurately, we begin by computing an estimate of the integral with the 
original Gauss quadrature. Then, we re-compute it using two sets of points combined; the 
original Gauss points set and Gauss-Kronrod set. The difference between the values of 
the two sets gives an estimate of the error in the results. The derivation of the Gauss-
Kronrod formula is similar to standard Gauss quadrature. The Gauss-Kronrod quadrature 
and its implementation for the purpose of this research are explained through the 
following example. 
Consider the enriched element shown in Figure 4.1. We assume an enrichment of 
the top surface ζ2 = 1,which introduces a quadratic term inζ1 in the element shape 
functions associated with the nodes located on this interface, while the order of 
interpolation with respect to ζ2 remains the same. Therefore, for the element to be 
integrated properly, the integration rule order has to be increased in the direction of ζ1.  
For the use of this element in contact simulations, two different sets of Gauss-
Kronrod integration points are needed. The first set of points is used inside the element as 
illustrated in Figure 4.1, where the stresses and plastic strains are computed to find the 
internal forces and the stiffness of the element. In addition, Gauss-Kronrod integration 
points are needed on the interface as illustrated in Figure 4.2, to be used for the 







Figure 4.1 Q4 Element with Gauss Quadrature Integration Points Inside (Left) and the 
Enriched Element with Gauss-Kronrod Integration Points (Right) 
 
 
Figure 4.2 Q4 Element with Gauss Quadrature Integration Points at the Interface (Left) 
and the Enriched Element with Gauss-Kronrod Integration Points (Right) 
 
Computing the Gauss-Kronrod integration points and weights involves the following 
steps: 
















1   
(4.1) 
where wkandxkare the locations and the weights of the original Gauss points. 
• Evaluating the integral again using a 2N+1Gauss-Kronrod quadrature. The 
location of the N points from step one is reused. The locations and corresponding 
weights of N+1additionalpoints are recalculated, as well as the weights associated 

















The set of nodes xk is precisely the one used in the original Gauss quadrature. All 
the other 3N+2 parameters zk, mj, and yj are chosen such that Equation (3.90) reaches its 
maximum degree of accuracy. 
Table 4.1 lists the values of the locations and weights for the Gauss-Kronrod 
integration points i including the Gauss quadrature for exact integration of a cubic 
function N=2. 
 
Table 4.1Gauss-Kronrod Quadrature Locations and Weights for N=2 
i Kronrodξ1 Kronrodξ2 Kronrod wi Gauss wi 
1 -0.92582009977 0.57735026918 0.19797979798 --- 
2 -0.57735026918 0.57735026918 0.49090909090 1 
3 0 0.57735026918 0.62222222222 --- 
4 0.57735026918 0.57735026918 0.49090909090 1 






The values of plastic variables at original Gauss points are preserved throughout 
the analysis. When the enrichment happens and Gauss-Kronrod integration points are 
added, we propose to compute the values of the plastic variables at the new integration 








CHAPTER 5. FRICTIONAL CONTACT 
5.1 Frictional Contact Formulation 
Frictional contact behavior governs the relationship between tangential interface 
tractions and the relative tangential motion between two contacting points at the contact 
interface between the two bodies. We compute the tangential component of the 
displacement on the interface as )].(1[
pxxnnuT −⊗−= , where ]1[ nn⊗−  is the 
projection tensor P. Similarly, the tangential component of the gap function, denoting the 
lateral relative motion between two points across the contact interface is: gT=Pg and the 
tangential component of the traction vector tat the interface is: tT = Pt. 
The widely used Coulomb constitutive model is chosen in the present formulation 
of the frictional contact. According to this model, points along the contact interface can 
be in either a stick or slip state. The stick state occurs when the tangential component of 
the interface traction vector, tT, is less than the frictional resistance of the interface, 
defined to be equal to the normal contact force multiplied by the friction coefficient. In 
this case, no relative tangential displacement occurs. Slip happens when the applied force 
reaches the maximum frictional resistance and causes a relative tangential displacement. 
The stick/slip criterion of the Coulomb model provides can be expressed as an 
inequality slip function that relates tT and the normal component of the traction tn through 






0  ),( ≤−= ntttt µTTnf   
(5.1) 
The stick state occurs when tT ≤ µ and tn, ≥while the slip state occurs when tT >µ tn. This 
leads to the Kuhn-Tucker conditions for frictional contact: 
0   and ,0 ,0 =≤≥ ff TT uu
  
(5.2) 
To develop the finite element formulation of the frictional contact problem, we 
start with the virtual work statement. To maintain equilibrium in frictional contact cases, 
the virtual work functional must include a new term that accounts for the work done by 





















is the tangential virtual work at the contact locations. In the case of stick, 
the work done by the tangential forces vanishes, and therefore, the formulation remains 
conservative. When slip is detected, the negative work done by the tangential forces leads 
to a dissipation of energy. 
 
The distinction between stick/slip conditions is required to properly account for the 
tangential work done on the interface. In the case of stick, a constraint has to be placed on 
lateral displacements to prevent sliding, whereas in the case of slip, the tangential 







5.2 Enforcing Frictional Contact Constraints 
In this thesis, the EDGA formulation is extended for frictional contact; i.e. bodies 
are allowed to slide tangentially, and the contact constraint is enforced only on the 
normal direction. Additional terms accounting for the tangential force at the interface are 
introduced. The Coulomb friction model is selected to represent the constitutive relation 
at the interface. The moving enrichment is implemented in order to maintain the 
continuity in the normal direction and the effect of friction is considered for the stick and 
slip conditions. The Coulomb model indicates no displacement in the case of stick 
condition, therefore, a zero-lateral displacement condition has to be added to the normal 
non-penetration constraint for the case of stick. This condition needs to be relaxed if the 
contact is deemed to result in slip. 
As discussed in Section 3.3.3, Lagrange multipliers are used to add constraints to 
the weak form of equilibrium for bodies in contact, as shown in Equations (3.69) and 
(3.70). In the case of stick, these multipliers correspond to the normal and tangential 
contact stresses and , respectively, that represent the normal and tangential 
components of the contact traction, respectively. Therefore Equation (3.69) can be 








)(),( gλgλλuπ   (5.5) 
When enforcing the normal constraint only in the case of frictionless contact, the above 
equation will only show the normal term without the tangential as follows: 
n







In order to solve the system of equations for the coupled problem stated in 
Equation (3.71), the derivative of the gap function with respect to the displacement will 
























































  (5.7) 
The above system of equations is solved for the nodal displacements d and the Lagrange 
multipliers that represent the normal component of the contact pressure only. 
Methods used in the literature to enforce the contact constraints in frictional cases 
require a-priori knowledge of whether a point is in stick or slip state. For each increment 
an assumption of stick /slip condition is made at each contact point. This assumption is 
checked after completing the solution of the nonlinear problem, typically using the 
Newton method. If the initial assumption is found to be no longer correct, the Newton 
solution is repeated under revised assumptions. In a large finite element mesh where the 
contact state at a number of interface nodes could potentially change between stick and 
slip, this approach in enforcing frictional constraints has been found to be the source of 
algorithmic instability. 
The dilemma in deciding the stick/slip conditions at contact nodes recalls a 
similar issue in computing stresses in the theory of plasticity. Much like the frictional 
case, the stresses in plasticity are bound by a “yield” function upon which the material 






not correspond to an increase in stress. For frictional contact, tangential slip can be 
thought of as the equivalent of plastic strain, i.e. an irreversible state of deformation that 
does not cause an increase in the corresponding stress/force beyond a limit dictated by the 
yield function of the Coulomb model (Equation 5.1). Furthermore, the stresses and 
deformations beyond “yielding” in frictional contact are governed by a similar set of 
Kuhn-Tucker conditions. 
Therefore, an alternative approach to enforcing frictional contact conditions is to 
compute the tangential tractions through an inner-subroutine, activated at the contact 
point, that releases the flow of slip displacement in the case where the yield potential, in 
this case called the slip criterion, is exceeded assuming stick conditions. This approach is 
algorithmically superior since it does not require the repetition of the Newton solution 
anytime the slip criterion is violated and slip is activated at a given contact location, 
thereby substantially reducing computational cost and potential instability. This method 
has been adopted by numerous researchers in the frictional contact community (Laursen 
and Simo, 1993b, Sheng et al., 2006, and Masud et al., 2012) although its application has 
been restricted to the case of linear elasticity for reasons that will become obvious in the 
discussion below. The aim of this work is, therefore, to overcome the difficulties of 
applying this approach to large-deformation problems.  
 
5.3 Plasticity-Inspired Approach 
We propose a new plasticity-inspired formulation for hyperelastic large-
deformation frictional contact. This approach handles the numerical issues encountered 






the stick/slip condition in an inner loop inside the Newton solver without the need of a 
repeated solution. We start our formulation for the case of small deformations, which has 
been done also in other studies in literature, in order to illustrate the challenge in 
extending this approach to the large-deformation frictional contact problem. 
 
5.3.1 Small Deformation Frictional Contact 
The plastic tangential slip is governed by a constitutive equation that can be 
derived using the standard concepts of the elasto-plasticity. For small deformations, the 
total displacement is decomposed into elastic and plastic parts: u = ue +u p . Note that, 
due to the linearity of the problem, the decomposition of the displacement field yields to 
a similar decomposition of the traction field: 𝒕 𝒖 = 𝐊𝒖 = 𝐊 𝒖! + 𝒖! = 𝐊𝒖! + 𝐊𝒖!  or )()()( pe ututut +=
  
(5.8) 
As shown in equation (5.1), the slip criterion can be expressed as follows: 
0  . 11 ≤−= ++ nttPt
2 µnnf   
(5.9) 
The value of  indicates a stick state; while  is an inadmissible state that 
indicates the occurrence of tangential slip.  Therefore, the return mapping that was 
illustrated previously in Figure 3.4 is performed in order to return the trial tractions tn+1trial
to the slip surface. We assume that the “flow” of irreversible slip displacement occurs 
tangent to the surface, a direction that corresponds to associative flow in the direction of 














The variable γ takes the slip criterion back to the yield surface, i.e. . To calculate γ, 
the nonlinear system of equations is solved using Newton’s method as follows: 


































The tangential tractions at the interface in the case of a linear material model are 
computed using the following incremental expression, based on the Backward Euler 
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(5.14) 
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(5.16) 
1nruu ++=  γ
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(5.17) 
The friction force is history-dependent, therefore the plastic displacement is computed for 







γ γ ∂−=⎯⎯⎯⎯⎯ →⎯
∂
∂









The tangent matrix T is computed by evaluating the partial derivative of the 




































In order to compute the tangent T, the partial derivative of the slip function with respect 










































	    
(5.20) 
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(5.22) 
The partial derivative of γ with respect to the displacement is computed from 















	    
(5.23) 
Substituting the previous derivatives into Equation (5.15), and rearranging the terms 























It is worth noting that, without additional consideration, this formulation does not 
guarantee a perfect stick condition. In other words, there could exist a non-zero value of 
lateral displacement that would not cause the violation of the slip criterion. This issue, 
however, can be remedied by enforcing an additional constraint on the tangential 
component of the “stick” displacement to be zero. 
 
5.3.2 Large-Deformation Frictional Contact 
Extending the above to the case of large-deformation problems is hindered by the 
fact that equation 5.8 no longer holds when the traction is a nonlinear function of the 
displacements. In other words, an additive decomposition of the displacement field does 
not translate into a similar result for the traction field. Therefore, the return-mapping 
algorithm, as described above cannot be implemented.  
Our first attempted approach remedy this problem was to follow a procedure 
similar to large-deformation computational plasticity theory by following the idea of a 
multiplicative decomposition of the deformation gradient into elastic and plastic parts as: 
F = F e F p (Section 3.2.5.2). For the case of frictional contact, the elastic and plastic parts 
of F would correspond to the stick and slip modes of response, respectively. The 
derivation follows exactly the same steps as computational plasticity by computing the 






The fact that the plastic deformation is computed through the strain tensor CP−1 , 
however, as shown previously in Equation (3.46), limits the application of this approach 
for frictional contact since it would not be possible to enforce perfect stick conditions. 
This is due to the fact that the plastic displacement up required to enforce these conditions 
is not a variable in this formulation. 
The second attempted approach was based on the observation that enforcing 
perfect stick conditions strictly requires an additive split of the displacement field: 
u = ue +u p , as is done for the case of small deformations. To circumvent the fact that 
this decomposition does not correspond to an additive split of the traction field, we 
propose using a linearized form of the traction vector, based on a Taylor series expansion 
around the elastic (stick) displacement as follows:  
pe ututut  )()( ∇−=
	    
(5.25) 
The tractions associated with the stick component of the displacement can be computed 
as follows, regardless of whether the total traction t(u) results in a final stick or slip 
condition: 𝐭 𝒖! = 𝐭 𝒖 − 𝐊 𝒖! 𝒖!                                                                        (5.26) 
where K is the instantaneous tangent tensor. When discretized using the Backward Euler 
scheme, Equation (5.26) becomes: 𝐭!!! 𝒖!!!! = 𝐭 𝒖!!! − 𝐊 𝒖!!!! 𝒖!!!! = 𝐭 𝒖!!! − 𝐊 𝒖!!!! 𝒖!! +𝛾𝒓!!! = 𝐭!!!!"#$% 𝒖!!! − 𝛾𝐊 𝒖!!!! 𝒓!!! (5.27) 
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(5.28) 
Note that the first term in this equation involves computing the traction vector using a 
hyperelastic law. The slip criterion is then computed and the tractions are updated in the 
same manner as the small deformation case; Equation (5.15). The plastic displacement is 
stored and updated as in Equation(5.17).  For each load increment the total displacement 
is updated as: u = u-uP. 
It is useful to point out that this formulation assumes that the amount of plastic slip within 
a given load step is small enough for the Taylor series expansion to hold. In the case of 
large slip, this assumption can be satisfied using appropriately small load increments. 
When slip is persistent over a large number of load steps, the large total slip should be of 
no consequences since the value of the tangential traction should remain relatively 






CHAPTER 6. NUMERICAL RESULTS 
In this chapter, we demonstrate the accuracy and efficiency of the proposed 
formulation for inelastic contact and friction in the presence of large deformations. 
We start by verifying our implementation of the Gauss-Kronrod quadrature 
integration scheme using a simple example involving a single Q4 element with 
enrichment under uniaxial compression. Next, we verify our implementation of the 
EDGA for elasticity using the contact patch test within the constraints of linear elasticity 
and small deformations. We then move to the case of large deformations and show results 
for the contact patch test using both linear and nonlinear material laws with plasticity. 
The cases are analyzed first without applying the EDGA, and then repeated with the 
proposed EDGA formulation for plasticity. Next, the formulation is extended to consider 
the friction for both stick and slip conditions; Coulomb friction model was selected to 
represent the constitutive relation at the interface. The sliding contact patch test was then 
performed for the cases of hyperelasticity and plasticity. Finally, case studies are 
presented to verify the effectiveness of the proposed approach for handling Coulomb 
friction conditions, for the cases of small and large deformations, and we demonstrate 






6.1 Verification of the Gauss-Kronrod Integration Scheme 
We use a single Q4 element under uniaxial tension for the verification of the 
Gauss-Kronrod Integration scheme. The Q4 element shown Figure 4.1 has an elastic 
modulus (E) =30,000 ksi, Poisson’s ratio (υ) = 0.3, and yield stress (fy) = 60 ksi. We 
assume plain-strain conditions. The applied distributed load P is equal to 65 ksi. This set-
up is identical to the well-known patch test using finite elements and the expected 
solution is a constant pressure profile in the element. This element is enriched at the 
bottom surface, which introduces a higher order term in the element shape functions 
associated with the enriched node. The Gauss-Kronrod quadrature integration points are 
used along the enriched side as shown in Figure 6.1. The results in Figure 6.2 show that 
the Q4 element with Gauss-Kronrod quadrature integration points passes the patch test 
and reflects a constant stress distribution exactly. Figure 6.3 shows the Q4 element 
deformed shape, which is also consistent with the exact solution. 
 
 
Figure 6.1 Patch Test for Q4 Element with Enrichment (Left) and the Gauss-Kronrod 







Figure 6.2 Stress Distributions for Q4 Element with Gauss-Kronrod Integration Points 
 
 
Figure 6.3 Deformed Shape for Q4 Element with Gauss-Kronrod Integration Points 
 





















6.2 Contact Patch Test 
 
6.2.1 Small Deformation Linear Elastic Case 
We consider the contact patch test configuration of Figure 3.7 and assume small 
deformations and a linear elastic material with E = 30,000ksiand υ = 0.3. A distributed 
load of P = 200 ksi is applied on the top free surfaces of both bodies. The domains are 
discretized using Q4 elements under plane strain conditions.  
This case serves the purpose of verifying our implementation of the EDGA, 
showcasing its superiority in handling interface tractions when compared to the standard 
bode-to-surface formulation. Figures 6.4 (left) and 6.5 (left) show the deformed shape 
and stress distributions, respectively, obtained with a standard node-to-surface contact 
formulation without treating the non-conforming interface. The results show an 
incomplete transfer of the traction along the interface and inaccurate deformed shape. 
Figures 6.4 (right) and 6.5 (right) show the solution obtained by applying the EDGA at 
the interface. The results show that the deformed configuration and the stress 









Figure 6.4 Contact Patch Test for the Small Deformation Linear Elastic Case: Deformed 
Shape without EDGA (Left) and with EDGA (Right) 
 
 
Figure 6.5 Contact Patch Test for the Small Deformation Linear Elastic Case: Stress Field 
without EDGA (Left) and with EDGA (Right) 
 











































6.2.2 Material and Geometric Nonlinearity 
We repeat the solution to the above problem under the conditions of material and 
geometric nonlinearity. In this case, the problem deviates from the standard patch test 
with a known exact solution. However, we expect the effects of nonlinearity on the 
deformed shape to be minimal so that the results would still be in the neighborhood of 
those obtained for the linear case, especially since, by virtue of equilibrium, we can 
expect that the solution to reflect a state of constant pressure in the normal direction. 
These results serve to demonstrate the effectiveness of our implementation of the large 
deformations formulation as well as the nonlinear material laws. 
 
6.2.2.1 Large-Deformations, Linear Elastic Material 
 In this case, we investigate the effects of large deformations assuming a linear 
elastic material with E = 30,000ksiand υ = 0.3. A distributed load of P = 100 ksi is 
applied on the top free surfaces of both bodies. The domains are discretized using Q4 
elements under plane strain conditions. Figures 6.6 (left) and 6.7 (left) show the solution 
obtained with a standard node-to-surface contact formulation without treating the non-
conforming interface. The results show an incomplete transfer of the traction along the 
interface and the deformed shape is not logical since the applied pressure is uniform and, 
accordingly, nodes 8, 9, and 10 are expected to displace similarly in the vertical direction. 
Figures 6.6 (right) and 6.7 (right) show the solution obtained by applying the EDGA at 
the interface. The results show that the deformed configuration and the stress 








Figure 6.6 Contact Patch Test for the Linear Elastic Case: Deformed Shape without 
EDGA (Left) and with EDGA (Right) 
 
 
Figure 6.7 Contact Patch Test for the Linear Elastic Case: Stress Field without EDGA 
(Left) and with EDGA (Right) 











































6.2.2.2 Large Deformations with Hyperelasticity 
In this case, we assume a hyperelastic material with the properties E = 30,000ksi 
and υ = 0.3. A distributed load of P = 1000ksi is applied to the top free surfaces of both 
bodies. The domains are discretized using Q4 elements under plane strain conditions. 
Figures 6.8 (left) and 6.9 (left) show the solution obtained using the standard node-to-
surface interface formulation without treating the non-conforming interface. Similar to 
the previous case, the results show an incomplete transfer of tractions along the interface 
and the deformed shape does not make sense since the applied pressure is uniform and 
accordingly nodes 8, 9, and 10 are expected to deform similarly. Figures 6.8 (right) and 
6.9 (right) show the solution obtained by applying the EDGA at the interface. The results 
show that the deformed configuration and the stress distributions pass the patch test up to 
machine precision, which is also similar to the previous case. 
 
 
Figure 6.8 Contact Patch Test for the Nonlinear Elastic Case: Deformed Shape without 
EDGA (Left) and with EDGA (Right) 
 












































Figure 6.9 Contact Patch Test for the Nonlinear Elastic Case: Stress Field without EDGA 
(Left) and with EDGA (Right) 
 
6.2.2.3 Large-Deformation with Von Mises Plasticity 
In this case, an elasto-plastic material with the Von Mises yield criterion is used 
with E = 30,000 ksi, υ = 0.3, and fy = 60 ksi. A distributed load of P = 70 ksi is applied to 
the top free surfaces of both bodies. The domains are discretized using Q4 elements 
under plane strain conditions. Figures 6.10 (left) and 6.11 (left) show the solution 
obtained without treating the non-conforming interface. The results show inaccurate 
pressure distribution and the deformed shape displays similar inaccuracies at nodes 8, 9, 
and 10. Plasticity in this problem is activated, since the applied load is greater than fy. The 
plastic strain at the integration points is around 0.00965. Figures 6.10 (right) and 6.11 
(right) show the solution obtained by applying the EDGA for plasticity using Gauss-






internal forces and at the interface for the stabilization terms. As obtained in the previous 
two cases, the results of this case show that the deformed configuration and the stress 
distributions pass the patch test up to machine precision. 
 
 
Figure 6.10 Contact Patch Test for the Elasto-Plastic Case (Von Mises): Deformed Shape 
without EDGA (Left) and with EDGA the Extension for Plasticity (Right) 
 
 
Figure 6.11 Contact Patch Test for the Elasto-Plastic Case (Von Mises): Stress Field 
without EDGA (Left) and with EDGA and the Extension for Plasticity (Right) 











































In this case, the patch test is also performed in a different configuration as shown 
in Figure 6.12 to show that the Gauss-Kronrod quadrature is able to handle elements with 
non-constant Jacobian. An elasto-plastic material with the Von Mises yield criterion is 
used with E = 30,000 ksi, υ = 0.3, and fy = 50 ksi. A distributed load of P = 60 ksi is 
applied to the top free surfaces of both bodies. The domains are discretized using Q4 
elements under plane strain conditions. Figures 6.13 (left) and 6.13 (left) show the 
solution obtained without treating the non-conforming interface. The results show 
inaccurate pressure distribution and the deformed shape is again inconsistent with the 
result expected with constant pressure.  Plasticity in this problem is again activated, since 
the applied load is greater than fy. The plastic strain at the integration points is around 
0.00895. Figures 6.13 (left) and 6.13 (right) show the solution obtained by applying the 
EDGA for plasticity using Gauss-Kronrod quadrature integration points inside the 
element to find the tangent and the internal forces and at the interface for the stabilization 
terms. As obtained in the previous two cases, the results of this case show that the 









Figure 6.12 Contact Patch Test for the Elasto-Plastic Case (Von Mises) 
 
 
Figure 6.13 Contact Patch Test for the Elasto-Plastic Case (Von Mises): Stress Field 







6.2.2.4 Large-Deformation with Drucker-Prager Plasticity 
In this case, an elasto-plastic (Drucker-Prager) material is used with E = 30,000 
ksi, υ = 0.3, cohesion (c) = 10 ksi, friction angle (φ) = 35o, and dilation angle (ά) = 10o. A 
distributed load of P = 90 ksi is applied to the top free surfaces of both bodies. The 
domains are discretized using Q4 elements under plane strain conditions. Figures 6.14 
(left) and 6.15 (left) show the solution obtained without applying the EDGA with 
plasticity at the interface. The results show inaccurate pressure distributions and the 
deformed shape shows obvious errors at the locations of nodes 8, 9, and 10. Plasticity in 
this problem is activated, and the yield function is computed at each integration point 
with f(σ,εp)>0. The plastic strain at the integration points is around 0.00497. Figures 6.14 
(right) and 6.15 (right) show the solution obtained by treating the interface by EDGA and 
its extension for the plasticity. As obtained in the previous case, the results of this case 




Figure 6.14 Contact Patch Test for Elasto-Plastic Case (Drucker-Prager): Deformed 
Shape without EDGA (Left) and with EDGA and the Extension for Plasticity (Right) 












































Figure 6.15 Contact Patch Test for Elasto-Plastic Case (Drucker-Prager): Stress Field 
without EDGA (Left) and with EDGA and the Extension for Plasticity (Right) 
 
6.3 Sliding Patch Test 
Figure 6.16 shows the sliding patch test where a horizontal displacement u is 
applied to the punch causing it to slide along the foundation surface. The sliding patch 
test is performed for two cases: hyperelasticity and Von Mises plasticity. 
 






6.3.1 Sliding Patch Test for Hyperelasticity 
This example is used to show the ability of the formulation to handle a moving 
enrichment due to sliding. In this case, the interface between the top and the foundation is 
assumed to be totally frictionless with no resistance to relative sliding. A hyperelastic 
material is used with the properties E = 30,000ksi and υ = 0.3. A horizontal displacement 
u=0.03 is applied to the punch and a distributed load of P = 1000ksi is applied to the top 
free surfaces of both bodies. The domains are discretized using Q4 elements under plane 
strain conditions. Figures 6.17 (left) and 6.18 (left) show the solution obtained using the 
standard node-to-surface interface formulation without treating the non-conforming 
interface. The results show an incomplete transfer of traction along the interface and the 
deformed shape is not accurate. Figures 6.17 (right) and 6.18 (right) show the solution 
obtained by applying the EDGA at the interface. The results show that the deformed 
configuration as expected and the stress distributions pass the patch test in the normal 
direction up to machine precision. 
 
 
Figure 6.17 Sliding Patch Test for the Nonlinear Elastic Case: Deformed Shape without 







Figure 6.18 Sliding Patch Test for the Nonlinear Elastic Case: Stress Field without 
EDGA (Left) and with EDGA (Right) 
 
6.3.2 Sliding Patch Test for Von Mises Plasticity 
In this case, an elasto-plastic material with Von Mises yield criterion is used with 
the properties E = 30,000ksi, υ = 0.3, and fy = 60 ksi. A horizontal displacement u = 0.03 
is applied and a distributed load of P = 70 ksi is applied to the top free surfaces of both 
bodies. The domains are discretized using Q4 elements under plane strain conditions. 
Figures 6.19 (left) and 6.20 (left) show the solution obtained using the standard node-to-
surface interface formulation without treating the non-conforming interface. The results 
show an incomplete transfer of traction along the interface and the deformed shows 
obvious errors on the interface. Figures 6.19 (right) and 6.20 (right) show the solution 
obtained by applying the EDGA at the interface. The results show that the deformed 
configuration is accurate and the stress distributions pass the patch test in the normal 








Figure 6.19 Sliding Patch Test for Von Mises Plasticity Case: Deformed Shape without 
EDGA (Left) and with the Extension of the EDGA (Right) 
 
 
Figure 6.20 Sliding Patch Test for Von Mises Plasticity Case: Stress Field without EDGA 






6.4 Numerical Examples for Friction 
In this section we show a number of numerical examples to demonstrate the 
effectiveness and capability of the proposed frictional interface formulation for large-
deformation contact problems. In these examples, we will omit units in input parameters 
and assume consistent inputs. For example, if the modulus of elasticity is interpreted to 
be in ksi, all resulting stresses will be in ksi and displacements will accordingly be in 
inches.  If units are assumed to be consistent, the particular choice of these units are 
otherwise of no influence on the numerical values of the results. 
 
Numerical Example 1 
The first example represents a simple configuration of the punch and the 
foundation used in the sliding patch tests as shown in Figure 6.16. The two domains have 
the same modulus of elasticity of 30,000 and Poisson’s ration of 0.3. A vertical pressure 
P =200 and a prescribed horizontal displacement u = 0.04 are applied as shown in Figure 
6.16. The vertical and horizontal loadings were applied in nine increments, assuming 
large deformations. Coulomb frictional coefficient of 0.4 is used. The proposed plasticity-
inspired formulation is applied to the interface. Figure 6.21shows the deformed shapes at 
each load increment. The results show that node 1 (bottom left corner of Body A) is 
slipping while node 2 (bottom right corner of Body A) is sticking along the interface. 
This proves the capability of the proposed frictional interface formulation in handling 








Figure 6.21Incremental Deformation for Numerical Example 1 
 
Numerical Example 2 
The second numerical example is obtained from Simo and Laursen (1992) and is 
used to verify the implementation of the plasticity-inspired framework for friction for the 
case of linear elasticity wz small deformations. The example considers an elastic block 
pulled against a rigid foundation resulting in lateral sliding. To minimize code 
modification, we replaced the rigid foundation with solid elements having a very high 
modulus of elasticity of 10000 and Poisson’s ratio of 0.0. A Coulomb friction coefficient 






1000 and Poisson’s ratio of 0.3. To follow the exact conditions used by the authors in this 
paper, no frictional stress is allowed to develop at the first and last nodes of the contact 
surface due to the uplifting at the edges. Therefore, these ends are assumed not to be in 
contact with the foundation. The elastic block is subjected to a vertical and horizontal 
loading as shown in Figure 6.22.  
The resulting deformed shape shown in Figure 6.23 reveals that our formulation 
reflects the expected deformed shape in which the block deformed vertically under the 
normal loading and pulled to the right as a result of the horizontal load. The deformation 
shape also confirms the assumption of uplift at the corner nodes and is identical to the 
one reported in the reference. Figure 6.24 and 6.25 show the distribution of vertical and 
horizontal stresses in the elastic block and foundation, and display higher stress values 
along the edges closest to the applied loads. It is useful to point out that mesh refinement 
was not considered in this study in order to produce results comparable with those 
reported by Simo and Laursen using the mesh shown in Figure 6.22. 
 
 








Figure 6.23 Deformed Shape for Numerical Example 2 
 
 
Figure 6.24 Horizontal Stress Distribution for Numerical Example 2 
 
The distribution of interface stresses is shown in Figure 6.24. For a consistent 
comparison with the results of Simo and Laursen, these stresses were computed from the 
nodal tractions vector, normalized by the element length. Both the normal and tangential 
tractions show perfect agreement. 




































Figure 6.25 Normal Stress Distribution for Numerical Example 2 
 
 








































Normal Stress - Our Approach 
Tangential Stress - Our Approach 
Normal Stress - Simo and Laursen, 1992 






Numerical Example 3 
This numerical example simulates the contact between two hyperelastic bodies 
with the configuration shown in Figure 6.25, where the lengths AC = CE = EF = FA = IH 
= JG =3, and IJ = HG = 9. Bodies 1 and 2 are hyperelastic; body 1 is subjected to a 
normal pressure of 90 and a prescribed displacement u = 5. Coulomb friction coefficient 
of 0.4 is used. Body1 and body 2 has an elastic modulus of elasticity of 3000 and 10000 
respectively, and Poisson’s ratio of 0.3 and 0.0, respectively. The solution was obtained 
using our formulation approach and ABAQUS. 
The resulting deformed shape shown in Figure 6.28 reveals that our formulation reflects a 
logical deformed configuration in which body 1 deformed vertically under the normal 
loading and pulled to the right as a result of the horizontal load. Figures 6.29 and 6.30 
show the distributions of the resulting horizontal and normal stresses in bodies 1 and 2. 
The stress values are higher at locations closest to the applied loads with an excellent 
match between ABAQUS and our formulation results. The ABAQUS contact 
formulation used the Penalty method to enforce the contact constraints. It is noteworthy 
to mention that it was hard for ABAQUS to converge for this large sliding problem with 
friction, while no convergence issues were observed in our simulation. 
 The computed tractions along the contact interface are also shown in Figure 6.31. 
The results show a perfect match between our results and ABAQUS, which verifies the 







Figure 6.27 Geometry and Loading Conditions for Numerical Example 3 
 
 
Figure 6.28 Deformed Shape for Numerical Example 3 
 
 
















Figure 6.29 Horizontal Stress Distribution for Numerical Example 3: Our Approach (left) 
versus ABAQUS (right) 
 
 
Figure 6.30 Normal Stress Distribution for Numerical Example 3: Our Approach (left) 
versus ABAQUS (right) 
 
 
Figure 6.31 Tangential and Normal Stresses along the Interface for Numerical Example 3 








































































CHAPTER 7. CONCLUSIONS AND FUTURE WORK 
7.1 Conclusions 
Numerical simulations of contact problems require proper modeling of all of its 
components: the domains and the interface. Large deformations, materials nonlinearities 
including plasticity, and interface friction are important parameters that ought to be 
considered for accurate results. Contact simulations typically involve Non-Conforming 
Meshes, either caused by sliding or due to adaptive refinement to increase accuracy in 
capturing localized behavior as well as interface effects. The main challenge in using 
NCM, however, is how to ensure geometric compatibility and complete transfer of 
tractions through the interface. Enforcing geometric compatibility at a set of nodes or 
discrete points using the node-to-surface approach does not reflect a complete transfer of 
tractions at the interface. On the other hand, dual approaches that employ Lagrange 
multiplier field to enforce geometric compatibility in a weak sense is biased in choosing 
the master and the salve surfaces. 
The EDGA is a primal approach that ensures geometric compatibility and 
complete transfer of surface tractions by virtue of a local enrichment in the element at the 
contact locations and a stabilization procedure along the interface. 
In this thesis, we extended the EDGA to problems with plasticity where material 






deformations. Applying the EDGA involves the insertion of a node on the contact surface, 
thereby raising the order of interpolation in the contact element. In order to increase the 
order of integration without loss of material history at existing integration points, we use 
a Gauss-Kronrod method for numerical integration that computes an additional set of 
integration points interlaced between the original Gaussian quadrature. Material history at 
the additional integration points is interpolated from data at existing points. 
Methods used to enforce Coulomb frictional contact conditions pose a major 
algorithmic challenge due to the inability of the algorithm to handle transitions between 
stick and slip states at contact points smoothly. Each change in stick/slip condition 
requires the repetition of the Newton solution for the whole problem, a process that could 
prove costly in large meshes. Oscillations between stick and slip states could be the cause 
of algorithm instability, often leading to ill-conditioning and non-convergence of the 
solution. 
To remedy this problem, a new plasticity-inspired approach for handling frictional 
conditions under large deformations is introduced. The proposed approach is designed to 
increase algorithmic efficiency and circumvent numerical issues encountered when 
modeling stick/slip conditions in Coulomb frictional contact models. The method is based 
on an additive decomposition of the displacement at the contact interface into “stick” and 
“slip” components, with the latter following an associative flow rule based on the slip 
criterion defined by the Coulomb friction model. A linearization of interface tractions 
around a “stick” state ensures the applicability of this approach to the case of material 






7.2 Future Work 
• Soil –Structure-Interaction (SSI) Systems: In simulating SSI systems such as pile 
driving, both plasticity and large frictional sliding need to be considered. The 
proposed EDGA formulation for plasticity as well as the new plasticity-inspired 
formulation for large-deformation frictional contact can be implemented to the 
interface in SSI problems to ensure accurate simulation with geometric compatibility 
and complete transfer of interface tractions, with consideration to frictional 
conditions. 
• Dynamic SSI: the formulation in this thesis is based on a quasi-static contact 
problem setting. Extending this formulation to a dynamic setting is required when the 
influence of dynamic loads on the SSI systems is significant. Dynamic contact or 
impact is essential for simulating multi-body dynamic systems as well as response 
phenomena such as rocking. To simulate dynamic impact events, the EDGA can be 
extended to include discontinuities in time as well as in space. 
• 3D Problem: we restricted the implementation in this thesis to planar problems for 
the purpose of simplifying the coding process. The extension to 3D problem does not 
involve any change in the formulation; it only requires an interface detection and 
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